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Abstract In this paper, we proved a compactness result about Riemannian man- 
ifolds with an arbitrary pointwisely pinched Ricci curvature tensor. 

1. Introduction 

Let M n be an n-dimensional complete Riemannian manifold with n > 3. One 
of the basic problems is under which condition on its curvature the Riemannian 
manifold is compact. The classical Bonnet-Myers' theorem states that a complete 
Riemannian manifold with positive lower bound for its Ricci curvature is compact. 

In [11], Hamilton proved that: 

Any convex hyper surface with dimension > 3 in Euclidean space with second 
fundamental form hij > 5 ■ must be compact. 

In [5], Chen-Zhu proved an intrinsic analogue of the Hamilton's result by using 
the Ricci flow which was introduced by Hamilton in 1982. They proved that: 
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If M n is a complete n- dimensional (n > 4) Riemannian manifold with posi- 
tive and bounded scalar curvature and satisfies the following pointwisely pinching 
condition 

\W\ 2 + \V\ 2 <5 n {l-ef\U\\ 

for e > 0, 64 — |, 5$ — and S n = faZWn+i) ' ( n — 6); where W, V, U denote the 
Weyl conformal curvature tensor, traceless Ricci part and the scalar curvature part 
of the curvature operator respectively. Then M n is compact. 

For the 3-dimensional case, they weaken the curvature operator pinching con- 
dition to an arbitrary Ricci curvature pinching condition: 

Let M be a complete 3-dimensional Riemannian manifold with bounded and 
nonnegative sectional curvature. If M satisfies the positive Ricci pinching condi- 
tion: 

Rij > £ • seal ■ gij > 
for some e > 0. Then M must be compact. 

Recently, by the Ricci flow and the new invariant cone construction introduced 
by Bohm-Wilking [1], Ni-Wu [13] proved the following compactness result in terms 
of curvature operator: 

If M n is a complete n-dimensional (n > 3) Riemannian manifold with bounded 
curvature and satisfies 

Rm>5U>0 

for 5 > 0, where Rm, U denote the curvature operator and its scalar curvature 
part. Then M n must be compact. 

Naturally, from the above results, one expects that: any complete Riemannian 
manifold with dimension > 3 and has positive Ricci pinched curvature must be 
compact. This is already true in 3-dimensional case by the result in Chen-Zhu [5]. 
In this paper, by using the Yamabe flow, we give an affirmative answer in the class 
of locally conformally flat manifolds. Our main result is the following: 

Theorem 1.1 Let n > 3. Suppose M n is a smooth complete locally conformally 
flat n-dimensional manifold with bounded and positive scalar curvature. Suppose 
M n has nonnegative sectional curvature and satisfies the following Ricci curvature 
pinching condition 

Rij > e • seal ■ g^ (1.1) 
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for some e > 0. Then M n is compact. 

We briefly describe the proof of the theorem. Our proof of Theorem 1.1 depends 
on the Yamabe flow and the limit solution of Yamabe flow. Suppose there exists 
such a noncompact Riemannian manifold satisfying the Ricci pinching condition 
(1.1), we evolve it by the Yamabe flow. By the short-time existence result [6] 
and the Ricci pinching condition, we can obtain a long-time existence result. In 
section 2, we will study the asymptotic behaviors of the solution to the Yamabe 
flow. Finally in section 3, we will complete the proof of the main theorem by using 
the results obtained in section 2. 



2. The Asymptotic Behaviors of the Yamabe Flow 

In the geometric flows, in order to know the initial manifold well, we usually 
need to study the asymptotic behaviors of the solution of the flow. In this section, 
we study the asymptotic behaviors of the Yamabe flow. First we recall the Li-Yau- 
Hamilton inequality of Chow [8] on locally conformally flat manifolds. 

Theorem 2.1 (Chow [8]) Suppose (M™,^) is a smooth n- dimensional (n > 
3) complete locally conformally flat manifold with bounded and nonnegative Ricci 
curvature. Let R(x, t) be the scalar curvature of the solution of the Yamabe flow 
with gij as initial metric. Then we have 

r)R 1 R 

for any vector X on M . 

In his paper [8], Chow proved the above theorem for compact locally confor- 
mally flat manifolds with positive Ricci curvature. However, by a perturbation 
argument as in [9], it is clear that the Li-Yau-Hamilton inequality actually holds 
for complete locally conformally flat manifolds with nonnegative Ricci curvature. 

Lemma 2.2 Letg^if) be a locally conformally flat complete solution to the Yamabe 
flow for t > which has bounded and positive Ricci curvature. If the Harnack 
quantity 

BR 1 R 
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is positive for all X G T Xo M n at some point x = x and t = t > 0, then it is 
positive for all X G T x M n at every point x G M n for any t > t . 

Proof. By the calculation in [8], we know 

(^-(„-l)A)Z>(J2-H)z>-Hz. (2.1) 

Since Z is positive for all X G T Xo M n at t = t > 0, we can find a nonnegative 
function F on M n with support in a neighborhood of x so that F(x ) > and 
Z > for all X everywhere at t — 1 . Let F evolve by the heat equation 

^ = (n - 1)AF. (2.2) 

It then follows the usual strong maximum principle that F > everywhere for any 
t > t . We only need to prove that 

F 

Z > — , for all t > t . 
By (2.1) and (2.2) we know 

( !-(„-l)A)(Z-£)>-f(Z-£), 
for t > t . By the maximum principle we get Z > ^. 
This completes the proof of the Lemma 2.2. 

# 



Before we give the main result of this section, we first recall some definitions 
for the classification of the asymptotic behaviors of the solution of the Yamabe 
flow as t — > +oo. 

Definition 2.3 (i) A complete solution to the Yamabe flow is called a Type I limit 
solution if the solution has nonnegative Ricci curvature and exists for — oo < t < Q 
for some constant Q with < Q < +oo and R < everywhere with equality 
somewhere at t = 0. 

(ii) A complete solution to the Yamabe flow is called a Type II limit solution 
if the solution has nonnegative Ricci curvature and exists for — oo < t < +oo and 
R < 1 everywhere with equality somewhere at t = 0. 
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(iii) A complete solution to the Yamabe flow is called a Type III limit solution if 
the solution has nonnegative Ricci curvature and exists for —A < t < +00 for some 
constant A with < A < +00 and R < -j^- t everywhere with equality somewhere 
att = 0. 

Definition 2.4 (i) We call a solution to the Yamabe flow a steady soliton, if it 
satisfies 

where X 1 is a vector field on the manifold. 

(ii) We call a solution to the Yamabe flow a shrinking soliton, if it satisfies 

(R- X)g lj = g jk V l X k , 
where X % is a vector field on the manifold and X is a positive constant. 

(iii) We call a solution to the Yamabe flow an expanding soliton, if it satisfies 

(R + \)g i3 =g jk ViX k , 

where X % is a vector field on the manifold and X is a positive constant. 

Moreover, if the vector field X is the gradient of some function f , then we 
will call the corresponding soliton a steady, shrinking, expanding gradient soliton 
respectively. 

We now follow Hamilton [10] and Chen-Zhu [5] (or also Cao [2]) to give a 
classification for Type II and Type III limit solutions. 

Theorem 2.5 Let M n be a smooth n-dimensional locally conformally flat and 
simply connected Riemannian manifold. Then: 

(i) any Type II limit solution with positive Ricci curvature to the Yamabe flow 
on M n is necessarily a homothetically steady gradient soliton; 

(ii) any Type III limit solution with positive Ricci curvature to the Yamabe flow 
on M n is necessarily a homothetically expanding gradient soliton. 

Proof. The following arguments are adapted from Hamilton [10] and Chen-Zhu 
[5] (or also Cao [2]), where the classification for the limit solutions of the Ricci 
flow were given. We only give the complete proof of (ii), since the proof of (i) is 
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similar and easier. At the end of the proof we point the difference between (i) and 
(ii), and then it is easy to see that the rest of the arguments are the same. 

By the definition of the Type III limit solution, after a shift of the time variable, 
we may assume the Type III limit solution gij(t) is defined for < t < +00 with 
uniformly bounded curvature and positive Ricci curvature where tR assumes its 
maximum in space-time. 

Suppose tR assumes its maximum at a point (x , t ) in space-time, then t > 
and the Harnack quantity 

f) D 1 D 

Z= _ + {VR , X) + — T)IUjX > X , + T (2 .3) 

vanishes in the direction X = at (xo,t ). By Lemma 2.2 we know that at any 
earlier time t < t and at every point x G M n , there is a vector X e T x M n such 
that Z = 0. 

By the first variation of Z in X 

V t R + -^—RijXi = 0, (2.4) 

which implies that such a null vector X is unique at each point and varies smoothly 
in space-time. 

Combining (2.3) and (2.4) we obtain that 

r) R R 1 

_ + _ + _V,fl.* = 0. (2.5) 

By (2.4) and (2.5) and a direct computation, we have 

A-(g - (n - l)A)(V t R) + ^L_XVP(f - (n - l)A)R ij 
-VkRijVkXiX* - {n - l)V k ViR ■ V fc X l (2.6) 
+(S-(^-l)A)(f + f) = 0, 



• at v" v at ' t 

;| - {n - l)A)(Vii2) = Vi[(| -{n- l)A)R] - (n - l)i2aV,i2 

?2 



V^i? 2 )-^-!)^^, 



(2.7) 
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(I - (n - l)A)(f + f ) = 3(n - l)i2Ai2 + |(n - 1)(2 - n)|Vi?| 2 

(2.8) 

+2i2 3 + " 



?3 _l _ R 
t t 2 ' 



(^-(n-l)A)i2y = ^S yj (2.9) 

where — (n — \)\Ric\ 2 gij + nRRij — n(n — l)R 2 j — R 2 g%y The combination of 
(2.6)-(2.9) gives 



-R(R + \f + 2(„_1)(„_2) B ij X ' tXJ - 2(^T) RR ij XlX1 
+ 2 (n-l) RilRjl XtX3 + RijV k X% ^7 k X3 = 0. 



(2.10) 



On the other hand, by (2.4) we have 

VkViR = ~^—[( x3 ■ V k Rij + Rij ■ V fc X''), ( 2 - n ) 
and then by taking trace and using the evolution equation of the scalar curvature, 

R ij ((R+^)g ij -V i X') = 0. (2.12) 
Hence it follows from (2.10) and (2.12) that: 

%(V fc X 4 -(R+ j)g ik ){V k Xi -(R+ j)g jk ) + AjX'X^ = 0, (2.13) 

where = 2 ( n -i)(n-2) B ii + 2(^1) ( nR u R ji ~ RR ij)- 

In local coordinate {x 1 } where gij = 5^ and the Ricci tensor is diagonal, i.e., 
Ric = diag{\\, A2, • • • , A n ), with Ai < A2 < • • • < A n , and e^, (1 < i < n) is the 
direction corresponding to the eigenvalue Aj of the Ricci tensor, we have 

]T A,(V fe X l - (i? + i) to ) 2 + ^X**' = 
i 1 

and 

Ajj = diag{v u v 2 ,- ■ ■ ,v n ), 

where 
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So 

V j X i = (R + -) gij , and A ij X i X j = 0. 

Thus VjX 1 is symmetric and by the simply connectedness of M n , there exists a 
function / such that 

Hence 

(R + j) 9i j = ViV,-/. 

This means that (/^(t) is a homothetically expanding gradient soliton. 

So we have proved that if the solution exists on < t < +00, and the Harnack 
quantity 

f)R 1 R 

Z = - + { VR,X) + W - T) R V X^ + 1 

vanishes, then it must be an expanding gradient soliton. If we have a solution on 
a < t < +00, we can replace t by t — a in the Harnack quantity. Then if a — > —00, 
the expression — > and disappears. So the Harnack quantity becomes 

3 R 1 

Then the rest of the arguments for the proof of (i) follows. 
Hence we complete our proof of Theorem 2.5. 

# 

In order to prove our Theorem 1.1, we need to get more information about 
the limit solutions of the Yamabe flow under our assumptions. So we give two 
Propositions which are necessary in our proof in the following section. We first 
deal with the case of the Type III limit solutions. 

Proposition 2.6 There exists no noncompact locally conformally flat Type III 
limit solution of the Yamabe flow which satisfies the Ricci pinching condition: 

Rij > £ ■ seal ■ gij > 0, 

for some e > 0. 
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Proof. We argue by contradiction. Suppose there is a noncompact locally con- 
formally flat Type III limit solution Qij{t) on M which satisfies the above Ricci 
pinching condition. By Theorem 2.5, we know that the solution must be a homo- 
thetically expanding gradient soliton. This means that for any fixed time t = to, 
we have : 

{R + p)g l] = V l V J f (2.14) 
for some positive constant p and some function / on M. 

Differentiating the equation (2.14) and switching the order of differentiations 
and then taking trace, we have 

-(n - l)ViR = RijVjf. (2.15) 

Fix the time t = to and consider a long shortest geodesic j(s), < s < s. Let 
= 7(0) and X(s) = 'j(s). Following by the same arguments as in the proof of 

Lemma 1.2 of Perelman [14] (or see the proof of Lemma 6.4.1 of [3] for the details) 

and using the Ricci pinching condition, we can obtain that 

df 

I- ps\ < const. (2-16) 

as 

and 

\f - ^ps 2 \ < const ■ {s + 1) (2.17) 
for s large enough. From (2.16) and (2.17) we obtain that 

|V/| 2 (x) > cp fix) > °-p 2 s 2 = |pV(x,*o) 

for some constant c > 0. Then by the same argument as in Theorem I in [5], we 
can obtain a contradiction! 

Hence we complete the proof of Proposition 2.6. 

# 

For the case of Type II limit solution of the Yamabe flow, we have the following 
result: 

Proposition 2.7 Suppose (M n , gijit)) is an n- dimensional (n > 3) complete non- 
compact locally conformally flat steady gradient soliton with bounded and positive 
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Ricci curvature. Assume the scalar curvature assumes its maximum at a point 
p G M, then the asymptotic scalar curvature ratio is infinite, i.e., 



A = lim sup Rs 2 = +00 

where s is the distance to the point p. 

Proof. We argue by contradiction. Suppose R < ^, for some constant C > 0. 
By the equation of steady gradient soliton, we have 

Rg ij = V i V j f, (2.18) 

for some smooth function / on M. 

Consider the integral curve 7(5), < s < s, of V/ with 7(0) = p and X(s) = 
7(5). We first claim that M is diffeomorphic to R n . Indeed, by differentiating the 
equation (2.18) and switching the order of differentiations and then taking trace, 
we have 

-(n - 1) ViR = Rij Vjf. (2.19) 
By the positivity of the Ricci curvature, we have 

(n-l)V x R + CRV x f>0, 

for some positive constant C depends only on n. This is equivalent to 

V x ((n-l)\ogR + Cf)>0. 

That is the function (n — 1) logi? + Cf is nondecreasing along 7(5). 

But by the assumption 

s 2 

we have 

log R ^ — 00 as s — > +00. 

So /(7(s)) — > +00 as s — > +00. That is / is a exhaustion function on M. By 
(2.18) we know that / is a strictly convex function, so any two level sets of / are 
diffeomorphic via the gradient curves of /. Combining these and / is a exhaustion 
function, we know that M is diffeomorphic to R n . So we have proved the claim. 
(We can have another proof by using the main result of [4].) 
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Next, we follow the argument of Hamilton [12] to prove that we can take a 
limit on M — {p} of gij(x, t) as t — > — oo and the limit is flat. 

By (2.18) we have 

VxV x f = R. 

Integrating it we obtain 

X(/( 7 ( S ))) - X(/( 7 (0))) = f Rds > C > 

Jo 

for some constant C > 0. So we have |V/| > C > 0. Then we can evolve the 
function / backward with time along the gradient of /. When we go backward 
in time, this is equivalent to following outwards along the gradient of /, and the 
speed |V/| > C > 0. So we have 

— > C as \t\ large. 

Then 

C C 

R< — < 7^2 as \t\ lar 9 e - ( 2 ' 2 °) 

S L/Q \ t\ 



By the equation of the Yamabe flow, we obtain 

- m 9 * = ~ R9ij - ~cw 



Then by the same argument as in [12], we can take a limit on M — {p} of gij(x, t) 
as t — > — oo and the limit is flat. 

Since M is diffeomorphic to R n , we know that M — {p} is diffeomorphic to 
S 11 ^ 1 x R, but for n > 3, there exists no flat metric on it. So we obtain a contra- 
diction. 

Hence we complete the proof of the Proposition 2.7. 

# 



3. The Proof of the Main Theorem 



Proof of the Main Theorem 1.1. We will argue by contradiction to prove our 
Theorem. Let M n be a noncompact conformally flat manifold with nonnegative 
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sectional curvature. Suppose M n has positive and bounded scalar curvature and 
satisfies the Ricci pinching condition: 



Rij > £ • seal • Qij 
for some e > 0. We evolve the metric by the Yamabe flow: 

(3-1) 

k gij(x,0) = gij(x), 

Then by Theorem 2.3 in [6], we know that the equation has a smooth solution on a 
maximal time interval [0, T) with T > such that either T = +oo or the evolving 
metric contracts to a point at a finite time T. 

Moreover, for locally conformally flat manifolds, we have 
f R 

Rijkl = ^(Rikdjl + RjWik — Rildjk — Rjkdil) — 7 7T7 7^(9ik9jl — 9il9jk)- 

n — 2 (n — l)(n — 2) 

Then by direct computation, we have the following evolution equation: 

§iRijkl — (n— i)ARij k i — R ■ Rij k i + ^^[(RirnknRmn ~ R\k)9jl 
~\~(RjmlnRmn Rjl)9ik (RjmknRmn Rjk)9il 
(RimlnRmn Ril)9jk\ 

— (n — l)ARij k i — R ■ Rij k i + ( n i 2 )2 (Bik9ji + Bji9ik — Bu9jk — Bjk9u), 

where — (n — l)\Ric\ 2 gij + nRRij — n(n — l)R%j — R 2 Qij- In a moving frame, 
we have: 

§lR a bcd — (n — l)AR abcd — R ■ Rabcd + ( TO -2) 2 (B ac 9bd + B bd g ac — B ad g bc — B bc g ad ) 

' (Ra C gbd + Rbdg ac — Radgbc — Rb C g a d)- 
At a point where g ab = 5 ab and the Ricci tensor is diagonal: 

Ric = diag(\!, A 2 , • • • , A n ), 
with Ai < A 2 < • • • < A n , we also have B ab is diagonal and the sectional curvature 

Rabab = pr(A a + Aft) 



n-2 va °> (n-l)(w-2)" 
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If at some point, the sectional curvature Run = 0, then Ai + A 2 = Hence if 
n > 4, we have : 

(w-2) 2 (Baa + B bh ) + (A a + X b ) 

= (^[2(n - l)|ffic| 2 + ni?(A a + A 6 ) - n(n - 1)(A 2 + A 2 ) - 2i? 2 ] + ^^g^ 
> r^i^^R 2 + —,-n(n- 1)^ - 2i? 2 ] + , 9 f ^ 

— (n— 2) z L n n— 1 V / (n— l) 2 J (n— 2)(n— 1) 

_ n 2 -4re+2 p2 
~~ n(n-l)(n-2) 2 IX 

>0, 

if n = 3, by direct calculation, we have: 

(^2^(^11 + - B 22) + ^(Al + A 2 ) 

= B u + B 2 2 + |-R 2 

= 4|i?zc| 2 + 3i2(Ai + A 2 ) - 6(A 2 + A 2 ) - 2R 2 + \R 2 
= 4(A 2 + A 2 + A 2 ) - 6(A 2 + A 2 ) 
= 4A§ - 2(A 2 + A 2 ) 
= R 2 - 2(A 2 + A 2 ) 

= A 2 + A 2 + A 2 + 2AxA 2 + 2(Ai + A 2 )A 3 - 2(A 2 + A 2 ) 
= (Ai-A 2 ) + (A 2 -A 2 ) + 2A!A 2 
> 0. 

So we obtain that the nonnegative sectional curvature is preserved under the Yam- 
abe flow. 

Next we claim that under our assumption, the solution gij{t) has a long-time 
existence. Otherwise, using the same argument as in Theorem 1.2 in [8], we know 
that the Ricci pinching condition is preserved under the Yamabe flow. Then by 
a scaling argument as in Ricci flow, we can take a limit to obtain a noncompact 
solution to the Yamabe flow with constant positive Ricci curvature, which is a 
contradiction with Bonnet-Myers' Theorem. So we have the long-time existence 
result. 
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By a standard rescaling argument similarly as in Ricci flow, we know that there 
exists a sequence of dilations of the solution which converges to a noncompact limit 
solution, which we also denote by gij(t), of Type II or Type III with positive scalar 
curvature and it still satisfies the Ricci pinching condition. 

Now we consider its universal covering space, then we also have a solution on 
its universal cover which is of Type II or Type III. So in the following we consider 
the limit solution is defined on its universal cover. 

If the limit solution is of Type III, then by Theorem 2.5, we know that it is 
a homothetically expanding gradient soliton, but from Proposition 2.6, we know 
that there exists no such limit solution of Type III satisfies the Ricci pinching 
condition. So the limit must be of Type II. 

Suppose the limit solution is of Type II, then by Theorem 2.5, we know that 
it is a homothetically steady gradient soliton. From Proposition 2.7, we also know 
that 

limsup Rs 2 = +oo, 

where s is the distance function from the point p where the scalar curvature R 
assumes its maximum. Then by the result of Hamilton [12], we can take a sequence 
of points Xk divergent to infinity and a sequence of r k , such that rlR(xk) — > +oo 
and -> +oc and 

R(x) < 2R(x k ) 

for all points x e B(xk, r^). Then by a same argument as in Ricci flow, we obtain 
that (M, R(xk)gij,Xk) converge to a limit manifold (M,g~ij,x) with nonnegative 
sectional curvature. By Proposition 2.3 in [7], we know that the limit manifold 
will split a line. Since the Ricci pinching condition is preserved under dilations, we 
conclude that the limit must be also satisfies the Ricci pinching condition. And 
this is a contradiction. 

Therefore the proof of the main theorem 1.1 is completed. 

# 
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